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X`hÌß,ç2XPÜ	á	Zof�K�f�gof�ß&p	LkK\K G2e�pWKAÜ	L&X ÝWO`ÝWglZ[gißkglK�f8X`h�O`Z[Z�æ K\Q	KMLkO`ß&K�c
f�ßkOmßkKMf8O`h{ß&K\L�ßkp	K!ORn¦ß&g[XRQ X`hÌß&p	K
Æ å Ü	á	Zof�KAORL&K:Ãe f:fifif$g�g�gvf>j<Ã ïlG - × ðl{ ïHG - × �[ð¦Ue f G f:fVg�ghg�f>j<Ã × � ïHG - × ðH{`Ue f:f G fVg�ghg�f>j<Ã × ïHG - × @ × {Mð¦Ue f GiG fVg�ghg�f>j<Ã × ïHG - × {Mð¦G
ï îDX`ßkKRUTß&pWO`ß*O`Ý#XmbRK�K¦ö�Ü	LkKMfkf&glX QWf8n\ORQCÝTK=n\XRQWf&goc�K\LkKMc XRQWZlâ ORf
KMf�ß&g[NPOmßkKMf!Ý#KMnMO`áWf&KÉç2KÉKMf�ß&g[NPOmßkKMcìÜ	LkXRÝWORÝ	g[Zlglß&g[KMfAg[QWf�ß&K�ORcìX`h
n¦X NaÜ	ZlK\ö ORNHÜWZlglß&áWc	KMfMG ð�í*QWK!n\O`QCn\XRQ�ß&g[QYá	K7ß&XÉn\ORZ[n\á	ZoOmß&K�ßkp	K
f�ßkOmßkKMf�æRK\QWK\LqOmß&K�cHÝ�âaf&á	ÝWf&KMà�á	K\Q�ß�ÜWá	Z[f&KMf�O`QWcaK�f,ßkglNPO`ß&K8ßkp	K\g[L
Ü	LkXRÝWORÝ	g[Zlglß&g[KMf£glQHODf&glNag[Z[ORL£ç�O�âRG£ý�Xmç2K\bRKMLMUMhjXRL × F × � � G UmXRQ	K
n\ORQPXRNaglß
ß&p	K7n¦X Q ßkL&g[Ý	á�ßkglX QHhjL&X N¿ßkp	KDp	g[æRpWK\L
X Lkc�KML�ß&KML&NPf�glQ× UWO`QTc�QWK\æRZ[KMn¦ß8ß&p	K!f�ßkO`ß&K�f8ç8gißkp ß&p	K!ÜWL&X ÝWO`Ý	g[Z[gißkglK�f�ZlK�f&f2ßkpWO`QêË4 G
ÛYá	Ü	Ü#X f&KRU#ß&pTOmß × �k� × ORQWc × ã � × � × { Ú ð êË4RGD]EQ¢ß&p	gofn\O f�K UYKMORnqp Ü	á	Zof&K7æ K\Q	KMLkO`ß&K�f�X Q	Z[âPXRQ	K�á	QYç�O`Q�ß&K�c�f�ßkO`ß&K7hjL&X N

ß&pWKAæRLkXRá	QWc f�ßkOmßkKRG�e�p	KMQ-U	XRQWZlâô ã ï ü2ðA� ú ü�- µ ïXõ ð
á	QYç�O`Q�ß&K�c f�ßkOmßkKMfBç8g[ZlZCÝ#KòæRK\QWK\LqOmß&K�cêç8glß&p�Ü	LkXRÝWORÝ	glZ[glß&g[KMf
ï ç8glß&p�ß&pWKHO n\n¦áWLkO n¦â á	Ü¢ßkX × {Mð × U × ïHG - × ð¦U × ïlG - ú × ð¦U�G¦G\GMU× ïHG - ïóú üÙ-ÄøYð × ð^GAö�h{ß&K\L�ßkp	K!ORn¦ß&g[XRQ�X`h ú ü¶- µ Ü	á	Zof�K�f2ß&p	KML&K
O`LkKAü�- G á	QYç�O`Q�ß&K�c�f�ßkO`ß&K�f�X`h�ßkp	K�hjXRLkN®U
e f G:G g�ghg GiG j<F¿e f:f G:G g�ghg G:G j3F�g�g�g�F(e fifVghg�gHf GiG j3F�e fif$g�g�g�f G j3F ï�÷ ð
ç8glß&pPßkp	KDßqO`LkæRK\ß�f�ÜWglQÉg[QPßkp	K*f�ßkO`ß&K�e G j¦U�ORQWcÉü�- ú á	QYç2ORQ�ß&KMc
f�ßkOmßkKMf�XRh£ßkp	K�hjXRLkN®U
e f GiG ghg�g G:G f:j3F¿e f:f GiG g�g�g G:G f:j3F¶ghg�g�F�e fif$g�g�gHf G f>j<F ïXø ð

ç8glß&pPßkp	K8ßkORL&æ K¦ß�f&Ü	g[QPglQPßkp	KDf�ßkO`ß&K
e f:j¦G�ö*f
X Q	K�n\ORQÉf�KMK8hjL&X Nd�àYfMG ïR÷ ð�ORQWc ïXø ð¦U�O`Z[LkKMORc	âég[Q�ß&p	Kb�WLqf,ßaXRLqc�K\LHX`h × NPO`QYâ

f�ßkO`ß&K�f�pWO�bRKAn¦X L&LkK\ZoOmßkKMc�K\LkL&X L�ç8gißkp NPORQ�â à�á	Ý	glßkf8g[Q®K¦ö	n¦glß&K�c
f�ßkO`ß&K�f\G.e�p	K8KMf�ß&g[NPOmßkK8X`h#ß&p	K8ßkX`ßqO`Z	Ü	LkXRÝTO`Ý	g[Zlglß,â!XRh#á	QYç�O`Q�ß&K�c
f�ßkO`ß&K�f�g[f

ê ã ï*ù ðA� × { û0/�Ó1!¨254 ïHG -�] × ðA� ù\ú5G - Gú ù=û F ï*ü ð
ç8pWK\LkK ù � ï�ú ü�- µ ð × G
e�p	K�Ü	L&X ÝWO`ÝWglZ[giß,â�X`h
á	QYç�O`Q�ß&K�c®K¦ôËKMn¦ß*X`h6�TQWc�g[Q	æ�OaßqO`LkæRK\ß

à�á	ÝWgißPg[Q5ßkp	KCf,ßqOmß&K\e G j�ç8p	g[ZlK ßkp	KCn¦XRQ�ßkL&X Z�à�á	ÝWgißPgofaglQ�ß&p	K
f�ßkO`ß&K�e f:j ï g�G KRG�ß&p	K=Ü	L&X ÝWO`ÝWglZ[giß,â�X`h.ß&p	K=Ü	L&X�n\KMfkf�Æwe f$g�g�g�f:jmÍe fVghg�g G j�ð2gof\U
ý ã ï × ðA� × @ × û0/ å1!i254 ïHG - ï�ú ] @ G ð × ð6��þ ïHG -�þ£ð<F ïlG f�ð

ç8pWK\LkK�þ¶� ï üî- ú ð × G

10ÿ 30ÿ 50ÿ 70ÿ 90ÿ
Number of spins

0

0.005

0.01

P
ro

ba
bi

lit
y

�

(a)
�

10ÿ 30ÿ 50ÿ 70ÿ 90ÿ
Number of spins

0

0.001

0.002

0.003

0.004

0.005

P
ro

ba
bi

lit
y

�

(b)

Þ0ß�à*Ç��`Ç�äj»(å���È.´�­�·,µM·�»Mº#¼ Á,µ�Å�»MÅ °iº�°Ã·óÏ��	��
���µMÆ£³�¾m¶�»\¾m·,­^¯a±�·�»\·,­q±
°i¾Ä·,´�­P­kÊR­q²k³ ·,°�µ�¾�µMÆ8·,´�­�
��(º�µ�ÀM°i²�À�»¦·,­É»M±=»�Æ[³�¾�²&·,°iµM¾ìµMÆ2·,´�­
¾R³ ¹7Å�­kÁ.µMÆ£½m³�Å�°Ã·,±�������°�¾a·,´�­8±E¼�°�¾a²�´Y»\°�¾TÇ��`µ�º�°i¯aº�°i¾ ­���»\¾Y»\º�Ï`·,°�²^»\º
­q±�·,°�¹!»\·,­mä��}å����Yº�º�­^¯8²q°ÃÁ,²qº�­q±+²qµ�¾ ¾�­q²&·,­^¯8Å`Ï8¯�»M±E´ ­^¯8º�°i¾ ­��Ë¾`³ ¹A­kÁ,°�²^»Mº
Á,­q±E³�ºÃ·,±qÇ%ä{ÅZå��+Á,µ�Å�»MÅ�°�º�°Ã·óÏ�����
 �+µMÆ�µ�Å ±E­kÁ,Ð`°�¾�Àa·,´�­A·�»¦Á,À�­k·*±E¼�°�¾C°�¾
·,´�­8±�·�»\·,­"! á$#���¶
´�°�º�­�·,´ ­�²qµ�¾m·EÁ,µ�º#½m³�Å�°Ã·
°�±2°�¾H·,´ ­8±�·�»\·,­"! %&#��	»¦Æ[·,­kÁ
·,´�­'
���µ�¼�­kÁ�»¦·,°iµM¾)(-±EµMºi°i¯®º�°�¾�­��D»\¾Y»\º�Ï`·,°�²^»\ºÌ­q±�·,°�¹!»\·,­wä�á�%}å��)�Yº�º�­^¯
²q°ÃÁ,²qº�­q±7²qµM¾�¾ ­q²k·,­^¯ ÅmÏ�¯�»\±E´�­^¯�ºi°�¾ ­���¾`³�¹A­&Á,°i²q»Mº-Á,­q±E³�ºÃ·,±qÇ�èîé�á*�ç é+%-, %*��%�.`Ç

]EQ ) glæ�f\G úaï O ð¦U ï ÝTð.ç2K8Ü	ZlXRß
ß&pWK�Ü	LkXRÝWORÝ	glZ[glß&g[KMfMUiê ã O`QWc ý ã UO f8hjá	QTn^ß&g[XRQTfDXRh�ß&p	KHQYá	N=Ý#K\L*X`h�f&Ü	glQTf\U+ü�U#g[QCß&p	KanqpWORglQ-UThjXRLQ ��fTg f ü f õ Umf�XDß&pWO`ß × ã � × ïXQ ðA�0øTg ÷8ø0/¿G f / O � × { � G f / åï × � ïRQ ðp� µ g ú¨µ1/îG f / O\ð¦GHe�p	KaQYá	N�ÝTKML7XRh�á	QYç�O`Q�ß&K�cÄf�ßkO`ß&KMf
g[Q%X á	L�nMO`Zon¦á	ZoOmßkglX QWfAç�ORf!K\ö	ORn^ßkZlâéKMà�áWORZ
ßkX ô ã glQEd�à#G ï*õ ð^G) L&X N ) glæ�f\G ú®ï O ð�ORQWc ï ÝTð8XRQ	KAn\ORQCf�KMK�ß&pWO`ß8ß&p	K!ORQWO`Z[â�ß&gon\O`Z
K�f,ßkglNPO`ß&KMf£O`æ L&KMKÌç8glß&p!ß&p	K
LkKMf&á	Zlßkf�X`h�QYá	NaK\Lkg[nMO`ZRnMO`Zon¦á	ZoOmßkglX QWf\G
]EQ¢OPf&glNag[Z[ORL�ç2O�â�XRQ	K!nMO`QCn\ORZ[n\á	Z[O`ß&K�ßkp	K!Ü	LkXRÝWORÝ	g[Zlglß&g[KMf8XRh

áWQ�ç�O`Q�ßkKMc¢f�ßkO`ß&KMf*hjX L*ßkp	KPn\O f�K × { � × � × å Ú ï êË4�ð&ã�2kåRG=]EQßkp	gofHf&glß&áWO`ß&g[XRQ5X Q	K�f&p	X á	Z[c%ßkOiÅRK�g[Q�ß&XéORn\n\XRá	Q�ßaf,ßqOmß&K�fHç8gißkp
ßkp	K!Ü	LkXRÝTO`Ý	g[Zlglß&g[KMf�áWÜ®ß&X × {`G�d�O nqp�XRh£ßkp	KMf&K=f�ßkO`ß&KMf�g[f8æ K\Q	KML�Þ
O`ß&K�cHO f
OALkKMf&á	Zlß
X`hËß,ç�X!f&áWnMn¦KMfkf&glb K2QWXRQ�Þ�L&K�f�X QWO`Q�ß�Ü	LkX�n¦KMfkf&KMfMG
ýDXmç�KMbRKMLMUmf&glQWn\K�ßkp	K2æRLkXRá	QWc�f,ßqOmßkK�æ K\Q	KMLkO`ß&KMf£XRQWZlâAá	QYç�O`Q�ß&K�c
f�ßkO`ß&K�f�ç8glß&pCßkp	K�ÜWL&X ÝWO`Ý	g[Z[gißkglK�f�X`h�X Lkc�KML × UTß&p	K=ß&X`ßqO`ZÌÜ	LkXRÝWO`Þ
ÝWglZ[giß,â X`h�á	QYç�O`Q�ß&K�cCf,ßqOmßkKMf8ç8g[ZlZÌÝ#K!æRg[bRKMQ¢O`æ ORglQ®ÝYâbd�à#G ï*ü ð^G
J2á�ß�ßkp	KAQYá	N=Ý#K\L8XRhÌæ K\Q	KMLkO`ß&KMc�f,ßqOmßkKMf�g[QWn¦LkKMO f�K�f�ORQWc®Omß�ß&p	K
n\XRQWc	gißkglX Q-U × { � × � × å U	glß�gof�Ü	L&X ÜTX L�ßkglX QWO`Z#ßkXÉüm{`G]EQ ) g[æWG µ ç2K�n\XRNaÜWO`LkKPßkp	K�QYá	NaKML&gon\ORZ�LkKMf&á	Zißqf=ç8glß&p5ß&p	K
ORQWO`Z[â�ß&gon\ORZ�K�f,ßkglNPO`ß&KMf£hjX L.ß&p	K2ß&XRßkORZ�Ü	L&X ÝWO`ÝWglZ[giß,âAXRhTá	QYç�O`Q�ß&K�c

µ



f�ßkOmßkKMf�æRg[bRKMQ0ÝYâ d�à#G ïXü ðÉç8p	K\Q ß&p	KébmO`Z[á	K × gof L&KMZ[O`ß&g[bRK\Z[â
ZoO`LkæRKRG ) LkXRN ) glæTG µ XRQ	K7n\ORQÉf�KMK�ß&pTOmß2hjXRLkN=á	ZoO ï*ü ð
n\XRLkL&K�n^ß&Z[â
c�K�f&n\L&g[ÝTK�f�ß&p	K�Ý#K\pWO�bYg[XRL�X`h£ß&p	KAf&âYf�ß&KMN hjXRL8ZoO`LkæRK*b�ORZláWK7XRh × G
è¸p	KMQéü�ÝTK�n¦X NHK�f�Z[ORL&æ K=KMQ	XRá	æ p-U+XRQWKHf&p	XRáWZ[céO`Zof�X�glQTn¦Z[áWc�K
g[Q ßkXPn¦XRQTf�goc�K\LqOmßkglX Q�g[Q%d�à#G ï*ü ð
ßkp	K�ß&KML&NPf8XRh£X Lkc�KML ï ü × ð�å`G
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Þ0ßvà*Ç54`Ç=È.´�­H·,µ\·�»Mº�¼ Á,µMÅY»\Å�°�º�°�·�Ï¢µMÆ2³�¾m¶�»\¾`·,­q¯¢±�·�»¦·,­q±�Æoµ\ÁA·,´�­
²^»\±E­ µMÆ*Á,­qºi»\·,°�Ð�­qºÃÏ%ºi»\Á,ÀM­zã��2¶
´ ­q¾\ã�
76Lã86Ïã*9\Ç:�Rµ�º�°i¯%ºi°�¾ ­��
»M¾�»MºÃÏ`·,°�²^»MºR­q±�·,°�¹!»\·,­�ä��(å�����ºiº�­^¯D²q°ÃÁ,²qº�­q±�²qµ�¾ ¾�­q²k·,­q¯*ÅmÏD¯�»\±E´�­^¯Dºi°�¾ ­��
¾`³�¹A­kÁ,°�²^»\º#Á,­q±E³ º�·,±qÇ�è'é�á�� ç é;%-, ��%�<*=*=��5ã¨ä ç åAé>�?, ��<A@zá�%-BDC��ã3æXä ç åkéE�?, =:áF@�á�% BGC Ç
e�p	K0Ü	LkXRÝWORÝ	g[Zlglß&g[KMfìXRh®áWQ�ç�O`Q�ßkKMc f,ßqOmßkKMf%ORL&K¸f&p	Xmç8Q glQ) glæ�f\G�ø ï O�ðaO`QWc ï ÝTðHg[QBß,ç�Xìc�glô#KML&KMQ�ßPfkn\ORZlK�f\GBe�ç�X�ß,âYÜTK�f

X`h�f�ßkO`ß&KMf�O`LkKÉn¦Z[KMORL&Z[â�f&K\KMQ-GCe�p	K�f�ßkO`ß&KMf!glQ ) g[æWG®ø ï O ðAORL&K
æRKMQ	K\LqOmßkKMcéORfAO LkKMf&á	ZißAXRh2X Q	KaQ	XRQ�Þ�LkKMf&XRQWORQ ß7ß&LqO`QTf�glß&g[XRQ-U£f�X
ß&pWK2ÜWL&X ÝWO`Ý	g[Z[gißkglK�f£XRhWßkp	KMf&K8f,ßqOmß&K�f�O`LkK�ÜWL&X ÜTX L�ßkglX QWO`Z ß&X × G6í*Q
ß&pWK*XRß&p	KML2pTO`QWc+U�ßkp	KAf,ßqOmß&K�f2glQ ) g[æWG.ø ï ÝTð2ORL&K*æRK\QWK\LqOmß&K�cPÝYâ
ß,ç2Xéf&áWn\n\KMfkf�g[bRK Q	X Q�ÞóLkKMf&XRQTO`Q�ß!ß&LqO`QTf�glß&g[XRQWfMU�ORQWc5ß&p	KMâ%pWO�bRK
ß&pWKAÜ	L&X ÝWO`ÝWglZ[gißkglK�f�X`h£ß&p	KAX Lkc�KML × {mG
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Þ0ßvà*Ç�=RÇ�È.´�­8¼ Á,µMÅY»\Å�°�º�°�·,°�­q±�µMÆËÀ�­q¾ ­kÁ�»\·,­^¯�±�·�»\·,­q±
°�¾�·�¶.µA¯R°�Ñ	­&ÁEÂ
­q¾m·�±E²q»Mº�­q±qÇ���é;M�%RÇ�Î�º�º+µM·,´�­&Á�¼Y»¦Á�»M¹A­k·,­&Á,±8»\Á,­�·,´�­D±,»M¹A­*»M±�°�¾ÞË°�À ÇN4RÇ

ÓPO���Ú�×�ÔÉÚp�ÌÙ��TÓ^×�Ô
è�K�pWO�b K7c�KMNaXRQWf�ß&LqOmßkKMcÉpWXmç XRQWK7nMO`Q®f�g[N=á	ZoOmßkKAO�f&glNaÜ	Z[K

Z[XRæRgon�X ÜTKMLkO`ß&g[XRQ�hjXRL.O�ZoO`LkæRK�QYá	N�ÝTKML£XRhWà�á	Ý	glßkfMG£èéK�ORQWO`Z[âZÄ\KMc
ß&pWK�Ü	LkXRÝTO`Ý	g[Zlglß,â�X`hWn\XRLkL&KMZ[O`ß&KMc�KML&LkXRLqf+g[Q!ßkp	K�g[NaÜ	Z[K\NaK\Q�ßkO`ß&g[XRQ
X`h�OPí2î0æ�OmßkKDÝ#K¦ß,ç2K\K\Q�L&KMNaX`ß&K7à�á	Ý	glßkf�glQ O=f&Ü	glQ nqpWO`g[QÉç8glß&p

O�ZoO`LkæRK Q�áWN=Ý#K\LPX`h7à áWÝ	gißqf\G�]EQ�ß&p	K®Z[glNaglßÉç8p	K\Q�ß&pWK®õDO`Ý	g
hjLkKMà�á	KMQWn¦â Q gof�N�áWnqpÉZ[KMfkf�ß&pTO`QÉßkp	K*c	giôËK\LkK\QWn\KDÝ#K¦ß,ç2K\KMQPß&p	K
îp�¢õ<hjL&K�à�á	K\QWn\glK�f�X`h�Q	K\g[æRpYÝ#XRLkglQWæ f&Ü	g[QWf\U£giß!gofAf&p	Xmç8QÄßkpWOmß
ßkp	K�Ü	LkXRÝWORÝ	glZ[glß,âAX`hTKML&LkXRL�U8êaU`gof.NaORglQWZlâ=c	K3�WQ	K�c=ÝYâAßkp	K�f&NaORZlZ
ÜTO`LqO`NaK¦ßkK\L × c�K��WQ	K�c�ÝYâ ïXØ ð�ORQWc ÝYâPß&p	KAQYá	N�ÝTKML�X`h�à�á	Ý	glßkf
g[Q¸ßkp	KÄf&Ü	glQ�nqpWO`g[Q-G?]�ß�gof c�K\NaXRQTf,ßkLkO`ß&KMc�ßkpWOmß®Omß c	K3�WQ	glß&K
bmORZlá	K�f8X`h Q ß&p	K=b�ORZláWK!X`h × gof�f&NPO`Z[Z�O`QWc ßkp	K\LkKAgof�Q	XÉn\XRLkL&K\Þ
ZoOmßkKMc�K\LkL&X L�glQéß&pWKPglNaÜ	Z[K\NaK\Q�ßqOmß&g[XRQìXRh�ßkp	K�í2î æ O`ß&KRGPe�p	K
ßkX`ßqO`Z�ÜWL&X ÝWO`Ý	g[Z[giß,â�X`h�á	QYç2ORQ�ß&KMc®f�ßkO`ß&KMf*OmßDXRß&p	KMLDbmO`Z[á	K�f8X`h ×
gof�KMf�ß&g[NPOmßkKMc®O`QWORZlâ�ßkg[nMO`Z[ZlâÉORQWc®n¦XRNaÜ	á	ß&KMc QYá	NaK\Lkgon\O`Z[Z[âRG
ÛYg[QWn¦K�ß&pWK2ý*O`NaglZlß&X Q	goO`Q!XRh�ß&p	K�f�â�f�ß&KMN?XRQ	Z[âAO`Z[ZlXmç�f-ß&LqO`QWf&giÞ
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